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We consider extensions of the Einstein-Hilbert Lagrangian to a general functional of metric and
Riemann curvature tensor, L(gµν , Rµαβν). A given such Lagrangian describes two different theories
depending on considering connection and metric (Palatini formulation), or only the metric (metric
formulation) as independent dynamical degrees of freedom. Equivalence of the Palatini and metric
formulations at the level of equations of motion, which as we will argue is a manifestation of the
Equivalence Principle, is the physical criterion that restricts form of the Lagrangians of modified
gravity theories. We prove that within the class of modified gravity theories we consider, only the
Lovelock gravity satisfies this requirement.
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INTRODUCTION
General Relativity (GR) associates gravity to the (ge-
ometric) properties of space-time, metric and connec-
tion. These represent two essentially different proper-
ties of space-time, metric is the measure of length while
connection defines the covariant derivative and parallel
transportation. Geodesics, the curves which extremize
the distance between two points, are thus specified with
the metric. The worldline of a free particle, a curve along
which the velocity vector is covariantly constant, is de-
termined by the connection. For a general connection the
worldline of a free particle need not be a geodesic.
In the ordinary metric formulation of GR, we require
that the worldline of a free particle is a geodesic. This
requirement fixes the connection to the Levi-Civita con-
nection, the components of which are the Christoffel sym-
bols. Extremizing the action with respect to the metric
gives the equations of motion for the metric. In principle
one can relax this requirement, treat the connection and
metric as two independent fields and extremize the action
with respect to both to obtain respective equations of
motion. We refer to this latter treatment as the Palatini
formulation [19]. The connection solving the equation of
motion of the connection in the Palatini formulation does
not necessarily coincide with the Levi-Civita connection
[20]. For the Einstein-Hilbert action, however, only the
Levi-Civita connection solves the corresponding equation
in the Palatini formulation and the two formulations be-
come identical [1, 2, 3].
Although successful in describing the observational
and the experimental data, there exist theoretical and
phenomenological motivations to study modifications or
corrections to the Einstein-Hilbert action. In the theo-
retical side, we know that the Einstein-Hilbert action is
a classical self-interacting theory. In the semi-classical
regime, in principle, this action receives quantum cor-
rections. For example string theory, as a candidate
for quantum gravity, provides a framework for comput-
ing the higher order corrections to the Einstein-Hilbert
action up to the field redefinition ambiguities [6]. In
a phenomenological approach to cosmology and astro-
physics, it has been argued that an appropriate mod-
ification of the Einstein-Hilbert action may provide an
alternative resolution to dark matter and dark energy
problems, and a natural framework to address the infla-
tionary paradigm [21].
In a bottom-up approach, the general covariance im-
poses a weak restriction on the Lagrangian of modified
gravities. Therefore, it is desirable to find additional the-
oretical criteria or requirements to restrict further the
form of the Lagrangian. We argue that the equivalence
of the Palatini and metric formulations, which is a prop-
erty of the Einstein gravity theory, naturally provides
such theoretical criterion and strongly restricts form of
the corrections or modifications to the Einstein-Hilbert
action.
Let us elaborate on the physical meaning of the equiv-
alence of the Palatini and metric formulations. As men-
tioned, in the Palatini formulation a free particle does not
necessarily follow a geodesic, the path which minimizes
the distance. Consider a massless particle (a light ray)
which should follow a path of a free particle in a given
background geometry. If this path is not a geodesic, then
there should exist another path, a geodesic, along which
an (accelerated) object can travel faster than light. This
is in contradiction with the basics of the Einstein general
relativity. In another point of view, along a geodesic the
particle will feel a force and hence gravity cannot be lo-
cally turned off. This is against the usual interpretation
of the Equivalence Principle. In the metric formulation
we do not face these contradictions. Nonetheless, in a
theory of modified gravity, there is always the theoretical
possibility of choosing the Palatini or metric formulations
and there is no reason which one should be taken from
the outset.
We take the standpoint that the “physically allowed”
theories of the modified gravity are those for which the
Palatini and metric formulations are (classically) equiva-
lent. Here we consider a class of torsion-free modified
2gravity theories in which the gravity part of the La-
grangian is only a functional of the Riemann tensor and
metric, and not of their covariant derivatives, and the
matter part of the Lagrangian does not involve the con-
nection. We prove that within this class only the Love-
lock gravity theories fulfill the requirement of equivalence
of the Palatini and metric formulations.
To this end we take the following route. Deriving the
equations of motion for a general Lagrangian of interest
in both the metric and Palatini formulations, we first re-
quire the consistency of the two formulations. We imple-
ment the consistency by demanding that the Levi-Civita
connection solves the equation of motion of the connec-
tion in the Palatini formulation. This makes the equation
of motion for the metric identical in the both formula-
tions. We show that only the Lovelock gravity meets the
consistency requirement. We then prove the equivalence
of the two formulations for the Lovelock gravity by con-
sidering the Lovelock theory in the Palatini formulation.
We show that in the asymptotically flat space-times, only
the Levi-Civita connection solves the equations of motion
for the connection.
PALATINI VS. METRIC FORMULATIONS
We consider the modified gravity Lagrangians of the
following form (where no explicit covariant derivative is
involved):
Smod.GR =
1
4piGN
Z
d
D
x
√−g L(gµν , Rµναβ) , (1)
where the Riemann curvature tensor is defined by :
R
α
βµν ≡ 2∂[µΓαν]β + 2Γα[µ|ρΓρν]β ,
Rαµβν ≡ gαηRηµβν ,
(2)
and Γαβν is the connection. In this work we consider the
torsion-free theories, Γαβν = Γ
α
νβ . We assume that the
matter part of the Lagrangian does not contain the con-
nection. The whole action (the matter plus the gravity
parts) can be understood either in the metric formula-
tion where the connection is the Levi-Civita connection,
or in the Palatini formulation where the connection is an
independent variable and does not necessarily coincide
with the Levi-Civita.
Let us derive the equations of motion of this action in
both the metric and Palatini formulations. The equations
of motion in the metric formulation are [8]
Γµαβ = {µαβ} =
1
2
g
µν(∂αgβν + ∂βgνα − ∂νgαβ) , (3a)
∂L
∂gµν
+
1
2
Lgµν + ∂L
∂Rµραβ
R
ν
ραβ + 2∇{α∇β} ∂L
∂Rµαβν
= −T µν ,
(3b)
where {µαβ} is the Christoffel symbol, while in the Palatini
formulation the equations of motion for the connection
and the metric read
∇ν(
√−g ∂L
∂Rµ{αβ}ν
gµρ) = 0, (4a)
∂L
∂gµν
+
1
2
Lgµν + ∂L
∂Rµραβ
R
ν
ραβ = −T µν , (4b)
where T µν in the r.h.s of (3b) and (4b) stands for the
energy-momentum tensor of the matter field. Note that
the partial derivatives of L are taken assuming that gµν
and Rµναβ are independent variables, and the partial
derivative coefficients are uniquely fixed to have precisely
the same tensor symmetries as the varied quantities. For
a general Lagrangian, (3) and (4) are not equivalent [20]
or even consistent.
REQUIRING THE CONSISTENCY
Requiring the consistency of the two formulations
amounts to demanding (3a) or equivalently,
∇αgµν = 0 , (5)
to be a solution of (4a). Expand (4a) as follows
∂L
∂Rµ{αβ}ν
∇ν(
√−ggµρ) +
√−ggµρ∇ν( ∂L
∂Rµ{αβ}ν
) = 0 . (6)
When (5) holds the first term of (6) vanishes yielding
∇ν( ∂L
∂Rµ{αβ}ν
) = 0 . (7)
Now let L have a Taylor expansion in terms of the Rie-
mann tensor. For Lagrangians of our interest the ex-
pansion coefficients are functionals of metric only and
when (5) holds these coefficients are covariantly constant.
Therefore, in our case we can use the “chain rule with the
covariant derivative” on (7) to obtain
∂2L
∂Rµ{νβ}α∂Rρσλγ
∇αRρσλγ = 0. (8)
Recalling the Bianchi identity∇[αRρσ]λγ = 0, (8) is guar-
anteed to be satisfied if [22]
∂2L
∂Rµ{νβ}α∂Rλγρσ
=
∂2L
∂Rµ{νβ}σ∂Rλγαρ
=
∂2L
∂Rµ{νβ}ρ∂Rλγσα
,
(9)
In what follows we show that only the Lovelock grav-
ity Lagrangian satisfy the Palatini-metric consistency re-
quirement, summarized in (9). Let us, however, first
briefly review the Lovelock theory. David Lovelock used
the following assumptions to restrict form of the action
for pure gravity including the higher derivative terms [9]:
1. The generalization of the Einstein tensor, hereafter
denoted by Aµν , should be a symmetric tensor of
rank two; Aµν = Aνµ,
32. Aµν is concomitant of the metric and its first two
derivatives, Aµν = Aµν(g, ∂g, ∂
2g),
3. Aµν is divergence free, ∇
µAµν = 0.
(We should stress that Lovelock was working in the “met-
ric formulation” assuming ∇αgµν = 0.) In a series of
theorems [10], Lovelock proved that the above three as-
sumptions are fulfilled for the generalized Einstein tensor
derived only from the following Lagrangian density [12]
LLovelock =
[D
2
]X
n=0
an θ
µ1···µ2nν1···ν2n(g)
nY
p=1
Rµ2p−1µ2pν2p−1ν2p ,
(10)
where D is the number of the dimensions of space-time
and [D2 ] represents the integer part of
D
2 , and
θµ1···µ2nν1···ν2n(g) = det
∣
∣
∣
∣
∣
∣
∣
gµ1ν1 · · · gµ2nν1
...
...
gµ1ν2n · · · gµ2nν2n
∣
∣
∣
∣
∣
∣
∣
(11)
an’s are some constant values of proper dimensionality.
We refer to the nth term in (10) as the nth order Lovelock
gravity. At its zeroth and first order, Lovelock gravity co-
incides respectively with the cosmological constant and
the Einstein-Hilbert action. Its second order coincides
with the Gauss-Bonnet Lagrangian density. The com-
pact form of its higher orders becomes more involved,
e.g. see [13, 14] for the explicit form of the third and
fourth orders [23].
In order to prove that the consistency of the Palatini
and metric formulations happens only for the Lovelock
gravities, we first show that when the consistency holds
the generalized Einstein tensor satisfies the Lovelock’s
assumptions. The generalized Einstein tensor is defined
by the variation of the action with respect to metric, that
is
A
µν
metric ≡ The l.h.s of the Eq. (3b) , (12a)
A
µν
Palatini ≡ The l.h.s of the Eq. (4b) , (12b)
where the subscripts indicates the formulation. The
Palatini-metric consistency requirement implies that
A
µν
metric = A
µν
Palatini, which using their explicit forms pre-
sented in (3b) and (4b), can be expressed as
A
µν
metric − AµνPalatini = 2∇{α∇β}
∂L
∂Rµαβν
= 0 . (13)
Assuming (5) and (7), and recalling the symmetries of
the Riemann tensor, one can immediately verify that the
above equation holds. The remaining step is to recall
that the Riemann tensor –due to (5)– contains at most
the second derivative of the metric and AµνPalatini, by defi-
nition, involves the powers of the Riemann tensor and not
its derivatives. Therefore, the generalized Einstein tensor
being concomitant of the metric and its first two deriva-
tives fulfills the second Lovelock assumption. Since we
have derived the Einstein tensor from a generally covari-
ant Lagrangian, the first and third Lovelock assumptions
hold too. The uniqueness theorems of Lovelock [10] then
proves that the consistency of the metric and Palatini
formulation can hold only for the Lovelock gravities.
In order to complete the proof of the consistency, we
must verify that for Lovelock Lagrangians, (5) solves ei-
ther the equation of motion for the connection (4a), or
equivalently (9). This verification is obvious if we insert
(10) into (9) and recall the invariance of the determi-
nant (11) under the cyclic permutation of its three rows.
(Lovelock Lagrangians satisfy (9) without symmetriza-
tion over β and ν indices.)
THE EQUIVALENCE OF THE FORMULATIONS
To argue for the equivalence, we should show that the
only solution to (4a) for L = LLovelock is the Levi-Civita
connection. To this end, we notice that when ∇αgµν 6= 0,
generically Rµνηγ 6= Rηγµν . However, we note that
for a general connection, the Lovelock Lagrangians are
only functional of the part of the Riemann tensor which
satisfies Rνµηγ = −Rµνηγ and Rµνηγ = Rηγµν .
This follows from the definition of the Lovelock la-
grangian densities in (10), and the antisymmetric prop-
erty of the determinant (11) under permutation of its two
rows or columns, and the Bianchi identity of Rµ[νηγ] = 0.
The above lemma then implies that the Lovelock La-
grangians satisfy (8) and (9), and subsequently (7), for a
general connection. Therefore, the equation of motion of
the connection in the Palatini formulation (6) takes the
form
∂LLovelock
∂Rµ{αβ}ν
∇ν(√−ggµρ)√−g + gµρ
∂2LLovelock
∂Rµ{αβ}ν∂gab
∇νgab = 0 .
(14)
For the first order Lovelock Lagrangian density, (14) is
an algebraic equation for the connection whose unique
solution is the Levi-Cevita connection (see e.g. section
3.4 of [5]). For a general Lovelock Lagrangian density
in the Palatini formulation, however, (14) is a first order
differential equation for the connection. If the connec-
tion coincides with the Levi-Cevita connection in a sin-
gle point on a regular and connected space-time manifold
then the uniqueness theorems of the solutions to the dif-
ferential equations guarantee that the connection is the
Levi-Cevita connection globally.
In an asymptotically flat space-time, the Riemann ten-
sor vanishes in the asymptotic infinity. Since both of the
Riemann tensor and the torsion vanish in the asymptotic
infinity then we can choose coordinates in such a way that
the connection coincides with the Levi-Cevita connection
in the point of the asymptotic infinity. Therefore, in the
asymptotically flat space-times, the equivalence of the
Palatini and metric formulation for the Lovelock gravity
is guaranteed.
4SUMMARY AND OUTLOOK
We have discussed that a strict interpretation of the
Equivalence Principle, in the absence of torsion, requires
the connection to be the Levi-Civita connection. When
the Lagrangian is not a functional of covariant derivatives
of the curvature or metric, this requirement implies the
consistency of Palatini and metric formulations and re-
stricts the Lagrangians only to the Lovelock gravity [24].
The requirement of equivalence or consistency of the
Palatini and metric formulations can be imposed on more
general theories than those we considered here. For ex-
ample one may use this requirement to restrict the form
of action for gravity when torsion does not vanish, or
when the Lagrangian involves the covariant derivatives
of Riemann or metric. It can also be used to restrict
form of the non-minimal coupling between matters and
gravity [15].
The equivalence of the Palatini and metric formula-
tions can also serve as a criterion for fixing the field re-
definition ambiguities arising in the string loop or world-
sheet corrections to supergravities [6]. The proposals
for fixing the field redefinition ambiguities include the
MM-criterion [16] and the ghost-free condition [17]. Not-
ing that Lovelock Lagrangians are ghost-free [18], the
Palatini-metric equivalence criterion is in agreement with
the ghost-free criterion. Investigating the Palatini-metric
equivalence criterion for matter fields non-minimally cou-
pled to gravity, however, precedes its comparison to the
MM-criterion.
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